Abstract-It is an accepted practice in signal delay estimation to model MOS digital circuits as RC circuits. In most cases Elmore's delay definition is applied. This paper has several objectives. First, it shows that Elmore's definition is exactly equivalent to the group delay of the network at zero frequency. Second, it presents a computationally efficient noniterative method to calculate this delay for networks with any linear elements and arbitrary topology. Third, it shows that in RC networks, under certain conditions, the Elmore delay and the 50% unit step response delay are related by a constant which is largely independent of the element values and topology. Finally, it presents an efficient method to obtain sensitivities of the delay with respect to any element in the network. These last two properties make design for specified delays feasible and computationally efficient.
I. INTRODUCTION
In recent years, a number of researchers addressed the problem of delays in logic and several authors, for instance [ 11-[5] , based their work on the paper by Elmore [ 6 ] . A recent study gives additional references in [7] . Considerable attention was also given to the simulation of devices by RC networks [8].
Originally Elmore's paper dealt with the first moment of the time response and all studies published so far were based on his arguments. Most of the methods were restricted to very simple topologies. A method based on the first moment but suitable for arbitrary topologies was published only recently [9]. Mathematical results in [9] turn out to be equivalent to our development. The difference is not so much in the mechanics of computations, but in the un- derlying understanding. Group delay is a well-known concept in filter design and many conclusions, elusive in the concept of timedomain moments, are easily reached from the point of view of group delay.
We show that Elmore's delay, T,, is exactly equivalent to the group delay at zero frequency, T(O), of a linear network having arbitrary topology and arbitrary linear elements. The equivalence of the two definitions is shown in Section 11. An efficient numerical method for delay evaluation is developed in Section I11 for networks which can have arbitrary loops or interconnections. Such loops, as well as floating capacitors and grounded resistors, presented considerable problems in earlier developments. In [2], the authors had to resort to iterations in order to obtain the delay for networks with loops.
When time-domain solutions are feasible, then another widely accepted delay measure, D , uses a unit step at the input and calculates the time needed for the output to reach half of its final value. This definition is much better than Elmore's, but is also much more expensive, and it would be nice to establish a simple relationship between the two measures. This is indeed possible if the signal source and the output are at opposite ends of the network. In such case the 50% unit step delay, D , and the zero frequency group delay, 7(0), ate related. This is discussed in Section IV.
Once we have found a reasonable relationship between the Elmore's definition and the 50% step response, we can use the former for design by optimization. For this we need sensitivities with respect to the elements of the network. A computationally efficient method is derived in Section V. Finally, Section VI outlines an optimization model in which the method can be used to design logic for specific values of delays. Applying the same steps to the numerator we find that the overall delay is identical to (2) :
ELMORE'S DEFINITION
Group delay has been used extensively in the design of analog filters, and a considerable amount of knowledge is available about mutual relationship of various network responses. It is well known that peaks in the group delay response lead to ringing of the step response. If the group delay is flat or monotonically decreasing, the time-domain unit step response will not have an overshoot. In such case, there should be a reasonable correlation between the group delay at zero frequency and the actual delay measured at the half point of the final value.
As a test we designed a 25-th order LC filter with resistive terminations. It had maximally flat group delay in the passband and equi-ripple response in the stop band. Poles of such a filter are complex conjugate. The delay at 50% of the time-domain response is exactly equal to the group delay at zero frequency, and there is no overshoot in either the time or group delay responses. RC networks, used for simulation of the delay in MOS digital networks, will have all poles on the negative real axis. They will still have no overshoot in the time-domain response, but the group delay will be dropping at higher frequencies. The 50% unit step response delay, D, and To will not be equal, as in the above filter, but should be related by means of an approximately constant coefficient. This assumption, confirmed in the following, was possible only through the group delay argument. It was not available in the original concept of time-domain response moments. Define a vector, d , which selects the desired output variable, and express the output as the product
or for dc
In the example, if output is taken at node 3, then
Fors = j w , the output is a complex number and can be written as
F ( j w ) = IF(jw)leiacw).
Taking the logarithm and differentiating with respect to U :
Thus the group delay is -. . 
and ( In this case, the evaluation requires only one solution of (17) and the use of (19). There are still no restrictions on the graph of the network and arbitrary loops can be present.
IV. EXPERIMENTS
Usefulness of the Elmore's delay will be increased if there is a simple relationship between TD = ~ ( 0 ) and D . We first make a few observations. RC networks used for delay simulation transfer dc from the source to all nodes; the networks exhibits low-pass properties. Based on experience with passive qnalog filters we know that at intemal points the responses have no resemblance to the overall response from input to output. It follows that attempts to apply the measure to intemal nodes, especially to nodes close to the source, will be futile. For these reasons our study puts emphasis on input-output relationships and not on intemal nodes.
Consider Fig. 2 ; in each experiment discard everything to the right of the node where the output is taken and calculate the ratio of the 50% step response delay and the group delay at zero frequency :
Two cases are summarized in Table I . As can be seen, p converges rapidly to a number approximately equal to 0.76, although the time constants are vastly different. This led us to the idea that a similar situation will exist in more complicated networks. We tested many complicated RC networks and grounded resistors as well as floating capacitors were allowed. Each network configuration was run with many different element values. To establish some regularity, we set, for instance, all capacitors with even subscripts to one value and capacitors with odd subscripts to another value such that the ratios Ceven/Codd were 1, 10 or 100, etc. Overall, more than 80 cases were tested and tables of some of the results are in [ 101. The experiments took some intemal nodes that were far from the source.
Our largest network had 80 elements, many loops, and a floating capacitor and a grounded resistor at every node. Under the conditions specified above, we found that D and ~( 0 ) are related in RC networks. Using 50 cases with outputs at the most distant nodes from the source we obtained the average ratio
with a standard deviation of / 3 equal to 0.0229.
In Fig. 3 we give one example with many loops. The capacitors were changed as indicated and the resulting delays and their ratios are also given. Another example, Fig. 4 , considers two parallel RC lines running close to each other, a test useful for VLSI interconnect delay. All Ri = 1 , all grounded C, = 1, and all coupling capacitors, C,, were equal. In Fig. 4(a) , all nodes of the second line were grounded and thus Cfwere connected to ground. In Fig. 4(b) , the second line was connected as shown. The results are collected in Table I1 for several ratios of C'/C. Summarizing the experimental results, we conclude that the Elmore delay can be used fairly reliably if the input and output are far from each other. Under these conditions one can obtain a good estimate of the 50% time delay by using the expression D = 0.75337 (0).
V. SENSITIVITY OF GROUP DELAY TO NETWORK ELEMENTS
The group delay theory lends itself to an easy evaluation of sensitivities with respect to network elements and thus to optimization by means of routines which rely on the gradients. To derive the necessary formulas we need the derivative of (12) with respect to any element of the network, h. Starting with (11):
For dc we drop the RE symbol and use zero subscript. The derivative aF/ah is obtained from (14) by writing h instead of s: Simplification at dc reduces (28) to
The right-hand sides in (27) and (29) are easily generated, because the vectors Xo and X: are already available. In addition, transposition of C and G is not needed because the matrices will be symmetric. The G matrix is already LU decomposed from previous solutions and only two new forward-back substitutions are needed.
Expressions (25) and (26) cost next to nothing computationally because a grounded element appears in the matrix in only one position and the whole vector-matrix-vector product reduces to just one multiplication. If the element is floating, its value appears in the matrix in four places and each vector-matrix-vector product reduces to two subtractions and one multiplication. If more than one output is needed, (29) must be resolved for each new output, but this will require only a new forward-back substitution. Equation (27) is solved only once.
VI. DESIGN APPLICATION
Since derivatives of the group delay with respect to network elements are so easy to obtain, the method can be used for design by modifying values of some RC network elements. The resulting values can then be traced back to transistor sizes or other representations.
As a simple example, consider the case where a signal should propagate through an arbitrary structure, with the desired delays at 
VII. CONCLUSION

I
Elmore's delay definition and group delay at zero frequency are two equivalent definitions but the group delay concept gives much more insight. It is also easy to calculate sensitivities of the group delay with respect to element changes and thus the method can be used for design. The paper establishes experimentally that in RC If it is a conductance (26) ac ax, structures the delay measured at 50% of unit step input and group delay at zero frequency are related by a proportionality constant, which is practically independent of topology and element values if the source of signal and points of interest are at opposite ends of the network.
